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In independent omponent analysis (ICA), linear transformation that minimizes the dependen e among the omponents is estimated. Conventional ICA algorithms are appli able when the numbers
of sour es and observations are equal; however, they are inappli able to
the underdetermined ase where the number of sour es is larger than
that of observations. Most underdetermined ICA algorithms have been
developed with an assumption that all sour es have sparse distributions.
In this paper, a novel method for onverting the underdetermined ICA
problem to the onventional ICA problem is proposed; by generating
hidden observation data, the number of the observations an be made
to equal that of the sour es. The hidden observation data are generated
so that the probability of the estimated sour es is maximized. The proposed method an be applied to separate the underdetermined mixtures
of sour es without the assumption that the sour es have sparse distribution. Simulation results show that the proposed method separates the
underdetermined mixtures of sour es with both sub- and super-Gaussian
distributions.
Abstra t.

1

Introdu tion

In independent omponent analysis (ICA), linear transformation to minimize
the statisti al dependen e of the omponents of the representation is estimated.
Re ently, blind sour e separation by ICA has re eived great deal of attention
be ause of its potential in spee h enhan ement, tele ommuni ation, and medi al
signal pro essing.
In ICA, the obje tive is to nd an M  M invertible square matrix W su h
that
= Wx
(1)
where s and x are respe tively M  1 sour e signal and M  1 observation, and
the omponents of s = fs1 ; s2 ; : : : ; sM gT are as independent as possible. In other
words, the j th omponent xj of x an be interpreted as a linear ombination of
the independent sour es sin e
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Blo k diagram of underdetermined ICA by data generation.

where A is an M  M square mixing matrix, and A = W 1 . Therefore, the goal
of ICA is to estimate the mixing matrix A and therefore nd the independent
sour es s given only the observations x.
Infomax algorithm based on entropy maximization has been developed by
Bell and Sejnowski [1℄. This algorithm is e e tive in separating sour es with
super-Gaussian distribution. However, it fails to separate sour es with subGaussian distribution. To separate the mixtures of super- and sub-Gaussian
sour es, Xu et al. [2℄ and Attias [3℄ modelled the underlying probability density
fun tion (pdf ) of sour es as a mixture of Gaussians. However, these algorithms
are omputationally expensive. To simplify the omputation and to separate
the mixtures of super-Gaussian and sub-Gaussian sour es, an extended infomax
algorithm was proposed by Lee et al. [4℄.
Conventional ICA algorithms are inappli able to an underdetermined ase
where the number of sour es is larger than that of observations, that is, the
mixing matrix A is an m  M matrix with m < M . The underdetermined ICA
problem is generally more diÆ ult to ta kle than the onventional ICA problem
where the number of sour es is equal to that of observations, sin e some of the
observation data are hidden in the underdetermined ase. Even if the mixing
matrix A is estimated exa tly, the sour es s an not be found dire tly, but have to
be inferred [5℄. The over omplete representation and sparse oding were studied
by Olshausen and Field [6℄ and were later developed as learning over omplete
representations for ICA by Lewi ki and Sejnowski [5℄. This method was applied
to blind separation of spee h signals in the underdetermined ase by Lee et al. [7℄.
However, methods su h as these are based on an assumption that the distribution
of the sour e is sparse. Therefore, if the assumption is not valid, these methods
are not e e tive. When a sour e does not satisfy this assumption, a method for
a hieving the sparsity in a sparser transformed domain, su h as by short-time
Fourier transform [8℄ or by wavelet pa ket transform [9℄, was proposed. However,
the method does not guarantee sparsity sin e a hieving sparsity depends on the
distributions of the sour es.
In this paper, a novel method for onverting the underdetermined ICA problem to the onventional ICA problem by generating the hidden observation data
z, as shown in Fig. 1, is proposed. The hidden data z is generated so that the
onditional probability of the hidden data z given the observation x and the
unmixing matrix W is maximized. The observation data x and the hidden data
z make up a omplete data y that is de ned as
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where y 2 IRM and z 2 IRM m . With the omplete data y, onventional ICA
algorithms an be applied to estimate the sour es in the underdetermined ase.
In order to separate the mixtures of sour es that have both sub- and superGaussian distribution, the hyperboli -Cau hy density model in [4℄, whi h an
des ribe both super- and sub-Gaussian distribution, is used to model the pdf of
sour e. The proposed method does not require the assumption that the sour e
distribution is sparse sin e the learning of the square unmixing matrix W is
performed based on the extended infomax ICA algorithm [4℄.
This paper is organized as follows. Se tion 2 presents the extended infomax
algorithm proposed by Lee et al. [4℄. Se tion 3 presents the proposed underdetermined ICA algorithm by data generation. Se tion 4 shows the simulation
results. Se tion 5 dis usses the problem of the proposed method, and Se tion 6
on ludes the paper.

2

The Extended Infomax Algorithm

An unsupervised learning algorithm based on entropy maximization was proposed by Bell and Sejnowski [1℄. This algorithm is e e tive in separating sour es
that have super-Gaussian distribution. However, it fails to separate sour es that
have sub-Gaussian distribution. In order to separate the mixtures of superGaussian and sub-Gaussian sour es, an extended infomax algorithm is proposed
preserving the simple ar hite ture of infomax algorithm by Lee et al. [4℄. It
provides a simple learning rule with a parametri density model that an have
various distributions by hanging the value of a parameter. One proposed parametri density that may be used to model both sub- and super-Gaussian sour e
data s is given as

ps(s) = 14 fse h2(s + b) + se h2(s b)g
(4)
where b is a onstant. Depending on the value that b takes, ps (s) an model
either sub- or super-Gaussian distribution. For example, when b=0, the parametri density is proportional to the hyperboli -Cau hy distribution and therefore is suited for separating super-Gaussian distributions. When b=2, it has a
bimodal distribution with negative kurtosis and therefore is suited for separating sub-Gaussian distributions. Swit hing between the sub- and super-Gaussian
is determined a ording to the suÆ ient ondition that guarantees asymptoti
stability [10℄.

3 Underdetermined ICA by Data Generation
When the number of sour es is larger than that of observations, it is diÆ ult to
estimate the sour es given only the observations. In this se tion, sparse representation for the underdetermined ICA is brie y reviewed [5℄, [7℄, [8℄, [9℄, and a

4

SangGyun Kim et al.

novel algorithm for underdetermined ICA when the sour es have the super- and
sub-Gaussian distributions is proposed.
3.1

Underdetermined ICA Using Sparse Representations

In the underdetermined ICA model, the sour es should be inferred even if the
mixing matrix, A, is known. There are in nitely many solutions to s. If the sour e
distribution is sparse, the mixing matrix an be estimated by either external
optimization or lustering and, given the mixing matrix, a minimal l1 -norm
representation of the sour es an be obtained by solving a low-dimensional linear
programming problem [5℄, [7℄, [8℄, [9℄. In these algorithms, even in the ase
when the mixing matrix is known, high sparsity is required for good separability.
Therefore, these algorithms are not e e tive in separating the mixtures of the
sour es, anyone of whi h has a sub-Gaussian distribution.
3.2

Underdetermined ICA by Data Generation

In this paper, the obje tive is to separate the underdetermined mixtures of
sour es that have sub- and super-Gaussian distributions. To a hieve this, a novel
method for onverting the underdetermined ICA problem to the onventional
ICA problem by generating hidden observations z is proposed. The hidden data
z is generated by maximizing the onditional probability of the hidden data z
given the observation, x, and the unmixing matrix, W. It is given as following
z

= arg max log p(zjx,W)

(5)

= arg max log

(6)

z

p( j )
z
p( j )
= arg max log ps (
) jdet j
z
z,x W
x W
Wy

= arg max

M
X

z

i

log psi (wi y)

W

(7)
(8)

where wi is the ith row of the unmixing matrix W and y is given in (3). From
(8), the generation of the hidden data is performed su h that the summation of
the log-probabilities of the estimated sour es is maximized.
After generating the hidden data z, as shown in Fig. 1, the sour es are estimated as a linear produ t of W and y de ned in (3) as in the ase of onventional
ICA algorithms. This is mathemati ally represented by
u

= Wy

(9)

where W is an M  M unmixing matrix and u are estimated sour es.
In order to generate the hidden data well, the probability density of the
sour es has to be estimated with good pre ision. In addition, the density estimate
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of the sour e plays an important role in the performan e of the learning rule of
the mixing matrix. To a hieve this, the parametri density of (4) is used to
model the sour e distribution. The M  1 parameter b representing olumn
ve tor of onstant b in (4) should be updated so as to mat h the parametri
density fun tion to the sour e density fun tion. Therefore, the learning rule for
b is given as

 /  log ps( j

)

u b

b

(10)

b

to maximize the log-likelihood of the sour e.
Next, the learning algorithm for the unmixing matrix W for sub- and superGaussian sour es is

 /[
W

I

+ 2tanh(u)uT

2tanh(u + b)uT

2tanh(u

)

T ℄W

b u

(11)

whi h was given in [4℄.
Therefore, the underdetermined ICA algorithm by data generation is summarized as follows. First, the unmixing matrix W and the parameter b of the
sour e density is initialized, respe tively. After initialization, the hidden data z
is generated to maximize the summation of the log-probabilities of the estimated
sour es a ording to (8) given the observations x and the unmixing matrix W.
After generating the hidden data, the sour e s is estimated a ording to (9) and
then the parameter b and the unmixing matrix W is updated a ording to (10)
and (11), respe tively. Finally, at next iteration, we start again from the data
generation using W and b of the previous step.

4

Simulation Results

In this se tion, simulation results are shown to verify the performan e of the
underdetermined ICA algorithm by data generation for the 23 underdetermined ase. In Example 1, the performan es of two algorithms to separate the
underdetermined mixtures of 2 sour es of super-Gaussian distributions and 1
sour e of sub-Gaussian distribution are ompared. One algorithm is the proposed underdetermined ICA algorithm by data generation and the other is the
underdetermined ICA algorithm based on the minimum l1 -norm solution using
the linear programming [5℄. In Example 2, it is shown that the proposed algorithm an separate the mixtures of two spee h signals and one sub-Gaussian
signal.
In all experiments, a same mixing matrix A is used, whi h is given as


p

p

1=p(2) 1=p (2) 1
A =
1= (2) 1= (2) 0



:

(12)

The problem of generating the hidden data is solved using a nonlinear optimization subroutine in MATLAB. The hidden data generation based on (8) is
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distributions using the proposed and Lewi ki's algorithm.
Fig. 2.

M log psi (wi y) is minimized using the nonlinear
a tually performed so that
i
optimization (minimization) fun tion in MATLAB.
Example 1: The simulation of separating the 23 underdetermined mixtures
of the sour es that have di erent distributions is performed. Two sour es s1
and s2 have the super-Gaussian distributions, and the other s3 has the subGaussian distribution. The super- and sub-Gaussian sour es that are used in the
simulation are generated from the hyperboli -Cau hy density model of (4); b=0
for super-Gaussian distribution and b=2 for sub-Gaussian, respe tively. Some
data of length 3000 is used in the learning pro ess that iterates 10 times. The
bat h size is 100. A bat h hidden data are generated one sample at a time using
same unmixing matrix for that bat h. The unmixing matrix and the density
parameter are updated every bat h. The learning rates for the unmixing matrix
and the density parameter are 0.001 and 0.001, respe tively.
In Fig. 2, the simulation result using the proposed and Lewi ki's algorithm
is shown after reordering and res aling. In Fig. 2, si , ui , and uli represent the
ith original sour e, the estimate of si using the proposed algorithm, and the
estimate of si using the algorithm proposed by Lewi ki et al. for i =1, 2, and 3,
respe tively. The sour es that have super-Gaussian distributions are estimated to
some extent in both algorithms, however, the sour e of sub-Gaussian distribution
is estimated well only when using the proposed algorithm as expe ted.
In Table 1, the simulation results are summarized; oi , i , and li represents the kurtosis of the ith original sour e, estimated sour e using the proposed
method, and estimated sour e using Lewi ki's method, respe tively, and orri
and orril represent the orrelation oeÆ ient between the original sour e signal and the estimated sour e signal using the proposed method and Lewi ki's
method after reordering, respe tively. As shown in Table 1, it is also veri ed that
both methods an estimated the super-Gaussian sour es; however, the method
proposed by Lewi ki et al. fails to separate the sub-Gaussian sour e. The kurtoP
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Performan e omparison between the proposed method and linear programming method.
Table 1.

Sour e Original kurtosis Proposed method Lewi ki's
number
oi
i
orri
li
1
1.16
0.63
0.74
1.65
2
2.01
0.45
0.76
1.04
3
-1.34
-0.88
0.92
9.30

method
orril
0.66
0.78
0.04

sis l3 of the estimated sour e ul3 is positive, and the orrelation oeÆ ient orr3l
between the sub-Gaussian signal s3 and the estimated signal ul3 is very small.
Example 2: Finally, the proposed algorithm is applied to separate the mixtures of two spee h signals and one noise that have sub-Gaussian distribution.
Fig. 3 shows the separation results. It is shown that the proposed algorithm
separates two spee h signals and the sub-Gaussian noise to some extent as in
Example 2.

5

Dis ussion

The proposed method is based on a parametri density model. Therefore, when
the parametri density model of (4) does not des ribe the sour e densities well,
e.g., spee h density, the performan e of the proposed method is degraded. That
is also veri ed in Example 2. In order to solve this problem, nonparametri
density estimation method in [11℄ an be applied to this method. In that ase,
the generation equation of (8) and the learning rule of (11) should be modi ed
based on the estimated nonparametri density. Further study is need to obtain
an underdetermined ICA algorithm using nonparametri density estimation.

6

Con lusion

A novel method for applying the extended infomax algorithm to the underdetermined ICA model is proposed. This is a hieved by onverting the underdetermined ICA problem to the onventional ICA problem by generating the hidden
observation data. The hidden data are generated to maximize the summation
of the log-probabilities of the estimated sour es. The simulation results show
that the proposed algorithm an separate the underdetermined mixtures of the
sour es that have sub- and super-Gaussian distributions. However, further study
is needed to determine until what dimensionality of the hidden data the proposed
algorithm is e e tive and modify this algorithm to be nonparametri .
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