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ABSTRACT

In this paper, a novel method for separating underlying sources
with both sub- and super-Gaussian distributions from the
underdeterminedmixtures is proposed. The generalized Gaus-
sian distribution (GGD) is used to model simultaneously
both sub- and super-Gaussian distributions. The process
of finding the most probable decomposition of the mixtures
based on the GGD leads to that of minimizing theLp-norm
of the estimated sources. The switching condition for de-
termining the decay rate of the GGD is determined by the
sign of the kurtosis of the inferred source. In our simulation,
the proposed algorithm separated both the sub- and super-
Gaussian sources from the underdetermined mixtures and
achieved about 1 dB improvement in signal-to-interference
(SIR) over thel1-norm minimization algorithm in separat-
ing three speech sources from two mixtures.

1. INTRODUCTION

A blind source separation (BSS) algorithm aims to recover
unobserved sources from a number of observed mixtures.
The problem that it is solving can be formulated statistically
as follows: givenM -dimensional random variable vector
x = [x1; :::; xM ℄T that arises from linear combination of the
mutually independent components ofN -dimensional un-
known random variables = [s1; :::; sN ℄T , represented math-
ematically as

x = As (1)

wherex 2 <M , s 2 <N , andA is anM �N mixing ma-
trix, find s. Here,< denotes the field of real numbers. The
class of algorithms that handle such a problem is also called
independent component analysis (ICA). When the number
of the mixtures is equal to that of the sources (i.e.M = N ),
the objective can be refined to find anN � N invertible
square matrixW such that

ŝ = Wx (2)

where the components of̂s = [ŝ1; :::; ŝN ℄T are mutually
independent as much as possible. This must be done as ac-
curately as possible with the assumption that no more than
one source has a Gaussian distribution. Current algorithms
can meet this objective within a permutation and scaling of
the original sources.

When the number of the sources is larger than that of
mixtures, in other words, the mixing matrixA is anM �N
matrix withM < N , the BSS problem is classified as un-
derdetermined. This problem is generally more difficult to
tackle than the complete BSS problem where the number of
sources is equal to that of mixtures. In the underdetermined
case, the sources can not be found easily, but must be in-
ferred even with the knowledge of the mixing matrix. Many
of conventional underdetermined BSS algorithms were pro-
posed, and most were based on a maximum a posteriori
probability (MAP). Lewicki et al. [1] developed learning
overcomplete representations by applying this approach for
the sparse sources that have super-Gaussian distributions.
Lee et al. [2] later proposed an algorithm based on the learn-
ing overcomplete representation and reported good perfor-
mance for separating speech sources. This algorithm, how-
ever, is ineffective for non-sparse sources. When sources
are not sparsely distributed in time domain, algorithms for
achieving the sparsity in another domain, such as by wavelet
packet transform [3] or by short-time Fourier transform [4],
[5], were proposed; however, it is difficult to achieve the
sparsity for some sources.

In this paper, a novel method for separating the under-
determined mixtures of sources with both sub- and super-
Gaussian distributions is proposed. In order to separate the
sub- and super-Gaussian sources in the underdeterminedcase,
generalized Gaussian distribution (GGD) is used to model
the source distribution. Since the proposed algorithm is also
based on MAP and the GGD, the inferred sources minimize
the sum of the absolute value of each sourcesi taken thepith power fori = 1; :::; N , wherepi is a positive parame-
ter that controls the exponential decay rate of GGD forsi.
The value of the parameterpi is determined by the sign of
the kurtosis of theith inferred source. The proposed algo-



rithm operates iteratively; the sources are inferred basedon
both an estimated GGD and a mixing matrix given the mix-
tures, and then the parametric GGD and the mixing matrix
are updated using the inferred sources. This procedure is
repeated at every iteration.

This paper is organized as follows. Section 2 presents
a conventionall1-norm minimization algorithm for sparse
sources. Section 3 presents the GGD. Section 4 presents the
proposed source inference algorithm by achieving a mini-
mumLp-norm solution that is newly defined in this paper.
Section 5 discusses the proposed underdetermined BSS al-
gorithm. Section 6 shows the simulation results, and Sec-
tion 7 concludes the paper.

2. MINIMUM l2- AND l1-NORM SOLUTIONS

Even when the mixing matrixA is known in the underdeter-
mined case, the source vectors can not be found directly, but
must be inferred non-linearly, since the inverse ofA does
not exist. There are infinitely many solutions fors. The
unique generalized inverseA+, which is called the Moore-
Penrose pseudo inverse matrix, gives a minimuml2-norm
solution. ForM �N matrix A with M < N , it is given as

A+ = AT (AAT )�1: (3)

However, the minimuml2-norm solution does not produce
satisfactory performance in separating the sources, sincethe
estimated sources are estimated as linear combinations of
the underdetermined mixtures.

In many underdetermined BSS algorithms, the source
vector is inferred by maximizing a posteriori probability of
s, which is given as

ŝ = argmax
s

P (sjx;A)= argmax
s

P (xjA; s)P (s) (4)

wherês is the most probable decomposition of the mixture.
When noise is absent in the mixing process as represented
in (1), the maximizing procedure of (4) can be rewritten as

ŝ = argmax
s

P (s) (5)

subject toAs = x. WhenP (s) is Gaussian, the solution is
given as

ŝ = argmin
s
jjsjj2 (6)

subject toAs = x where the notationjj � jjq denotes thelq-norm, defined asjjsjjq = (PNi=1 jsijq)1=q . This solu-
tion is also derived from (3) and likewise does not produce

satisfactory performance, since all the sources are assumed
Gaussian.

In conventional approach that assumes that the sources
are distributed sparsely, it is assumed that the sources follow
independently identically distributed (i.i.d.) Laplace distri-
bution [1], [6] which is represented asP (s) = NYi=1 12� exp��jsij� �= 12N�N exp(� 1� NXi=1 jsij) (7)

where� is a variance parameter. Using this prior distribu-
tion leads to the minimuml1-norm estimates of the sources
as

ŝ = argmax
s

12N�N exp(� 1� NXi=1 jsij)= argmin
s
jjsjj1 (8)

subject toAs = x [1], [2], [4], [6], [7]. Unlike the Gaussian
prior, the minimuml1-norm solution can not be obtained
by a simple linear operation, and it is well known that the
solution can be obtained by a linear programming [8].

3. GENERALIZED GAUSSIAN DISTRIBUTION

In order to unmix the mixtures that are composed of sub-
and super-Gaussian sources, a probability density function
(pdf) that can model both sub- and super-Gaussian distri-
bution is utilized. In this paper, the source distribution is
modeled by GGD in [9]. It can generate various symmetric
unimodal sub- and super-Gaussian distributions by adjust-
ing the parameters ofp andr inP (s; p; r) = rp2�(1=p) exp f�(rjsj)pg (9)

where�(�) is the Gamma function, which is given as�(x) =R10 tx�1 exp(�t)dt. In GGD,p is a positive parameter that
controls the distribution’s exponential rate of decay, andr is
a scaling function of the variance�2 of the distribution andp, which is defined asr � ��1��(3=p)�(1=p)�1=2 : (10)

For simplicity,r is set to one in this work. The parameterp controls the distance to the nearest normal distribution.
Fig. 1 shows the shape of the GGD according to the value
of p. As shown, whenp=2, the distribution is a Gaussian
normal distribution; whenp=1, the Laplacian distribution
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Fig. 1. The shapes of the GGD according to the values ofp
with r=1.

is obtained; and whenp tends to infinity, the distribution
becomes uniform.

In contrast to the cases of minimuml1- andl2-norm so-
lutions, each source is allowed to have different distribu-
tions by the parameterpi. Therefore, the joint prior distri-
bution of the source random vectors is given asP (s) = NYi=1 pi2�(1=pi) exp f�jsijpig (11)= 0� 12N NYj=1 pj�(1=pj)1A exp(� NXi=1 jsijpi)!

(12)

with an assumptionr = 1. The components of the sources
are assumed to be mutually independent.

4. MINIMUM LP-NORM SOLUTION

Using the simplified GGD withr = 1 in the previous sec-
tion, the maximizing procedure of (5) can be represented
as

ŝ = argmax
s

0� 12N NYj=1 pj�(1=pj)1A exp(� NXi=1 jsijpi)!
(13)= argmin

s

NXi=1 jsijpi (14)

subject toAs = x wheres = [s1; :::; sN ℄T . Let theN -
dimensional vector bep = [p1; :::; pN ℄T . In this paper, we

introduce a newLp-norm defined as followsjjsjjp � NXi=1 jsijpi : (15)

The proposed algorithm leads to source estimates that min-
imize theLp-norm which is given as follows

ŝ = argmin
s
jjsjjp (16)

subject toAs = x. Whenp = [2; :::; 2℄T , the solution of
(14) gives a minimuml2-norm solution; and whenp =[1; :::; 1℄T , a minimuml1-norm solution is obtained. The
minimumLp-norm solution was achieved using non-linear
optimization subroutine in MATLAB.

The newly definedLp-norm can be rewritten as followsjjsjjp = NXi=1 jsijpi�q jsijq= NXi=1 wijsijq (17)

wherewi = jsijpi�q. Therefore,Lp-norm can be repre-
sented as the weightedlq-norm. If the weights are given
asw�i = js�i jpi�q wheres�i is an optimal solution ofLp-
norm, the minimumLp-norm solution can be considered as
a minimum weightedlq-norm solution. This solution can
not be found in one step, sinces�i is required to compute the
appropriate weights. In iterative reweightedlq-norm mini-
mization procedure, the current solution is used to compute
a weight which is used for the next iteration.

5. PROPOSED UNDERDETERMINED BSS
ALGORITHM

In order to separate the underdetermined mixtures of the
sources with both sub- and super-Gaussian distributions, a
novel algorithm based on the GGD is proposed. The pro-
posed algorithm is an iterative method of inferring the sources
and updating the parameter of the sourcepdf and the mix-
ing matrix. The proposed underdetermined BSS algorithm
infers the sources to minimize theLp-norm of the sources.
The performance of the proposed algorithm depends on the
accuracy of estimated mixing matrix andpi.

First, pi is set to 3 for sub-Gaussian source and 1 for
super-Gaussian source. Whether the sources follows sub-
Gaussian or super-Gaussian distribution is determined by
the sign of the normalized kurtosis, which is defined as�(s) = Efs4g(Efs2g)2 � 3 (18)



whens has zero mean. When�(s) has a positive sign, a
negative sign, and zero value,s is a super-Gaussian, sub-
Gaussian, and Gaussian signal, respectively.

Second, the mixing matrixA is updated by the learn-
ing rule. It is obtained by differentiatinglogP (xjA) with
respect toA, which leads to the follows [1]:�A = AATr log P (xjA)� �A('(̂s)̂sT + I) (19)

where I represents the identity matrix and the nonlinear
function'(̂s) = ['(ŝ1); :::; '(ŝN )℄T is given by'(ŝi) = � log ps(ŝi)�ŝi (20)= �pijŝijpi�1sign(ŝi) (21)

for i = 1; :::; N . This learning rule follows the natural gra-
dient proposed by Amari [10] to contain no matrix inverses
and achieve a good convergence rate.

The proposed underdeterminedBSS algorithm using GGD
is summarized as follows. First, the parameterpi and the
mixing matrix A are initialized. Then, given the mixtures
x, the sources are inferred to minimize theLp-norm of the
sourcess subject toAs = x. The parameterpi of GGD is
determined by the sign of the kurtosis of the inferred source
ŝ, and the mixing matrixA is updated following the learning
rule of (19). The procedure is repeated at every iteration.

6. SIMULATIONS

In this section, simulation results are shown to verify the
performance of the proposed underdetermined BSS algo-
rithm. The proposed algorithm was compared to thel1-
norm minimization algorithm based on the learning over-
complete representations [2].

First, separation of2 � N underdetermined mixtures
of only sub-Gaussian sources forN = 3, 4, 5, and 6 was
performed using the proposed algorithm and thel1-norm
minimization algorithm. The sub-Gaussian sources were
generated by taking an inverse hyperbolic sine,sinh�1(sg),
from a normally distributed random variablesg . The data of
length 5000 was used in the learning process. The batch size
was 500. The estimated mixing matrix and the parameter of
GGD were updated every batch. In Table 1, the mixing ma-
trix A which were used for the simulations forN = 3, 4, 5,
and 6 are given.

The column vectors of the mixing matrix to be estimated
were initialized as random normalized vectors with the con-
straint that no two vectors be closer than 30 degrees. The
performance of the proposed method was evaluated in terms
of signal-to-interference ratio (SIR) for each source. Given

Fig. 2. The performances of the proposed algorithm and
the l1-norm minimization algorithm to separate the under-
determined mixtures of the sub-Gaussian sources. The av-
eraged SIRs according to the number of underlying sources
are plotted.

an original sourcesj and its estimatêsj , SIR in dB is de-
fined as

SIR= 10 log10 PNj=1 Efs2jgPNj=1 Ef(sj � ŝj)2g : (22)

Fig. 2 shows the averaged SIRs for ten data accord-
ing to the number of the underlying sources for the pro-
posed algorithm and thel1-norm minimization algorithm.
The proposed algorithm performed better than thel1-norm
minimization algorithm in separating the underdetermined
mixtures of the sub-Gaussian sources. As the number of
the sources increased, the separation performance also de-
graded.

Next, 2�3 underdetermined mixtures of the sources that
had different distributions were separated. In generating
super-Gaussian sources, a hyperbolic sine,sinh(sg), was
used instead ofsinh�1(sg). Two sub- and one super-Gaussian
sources were artificially generated. In Table 2, the sim-
ulation results are summarized;�oi , �pi , and�1i represents
the kurtosis of theith original source, estimated source us-
ing the proposed algorithm, and estimated source using thel1-norm minimization algorithm, respectively. SIRLp and
SIRl1 denotes SIRs using the proposed algorithm and thel1-norm minimization algorithm, respectively.

Table 2 shows that only the proposed algorithm can sep-
arate the sub-Gaussian sources from the underdetermined
mixtures, and thel1-norm minimization algorithm can not
separate the sub-Gaussian sources. The proposed algorithm
achieved SIR of 4.844 dB, andl1-norm minimization algo-



Table 1. The mixing matrixA that was used in the simulations forN = 3, 4, 5, and 6.N A

3

� os(�=4) os(�=2) os(3�=4)sin(�=4) sin(�=2) sin(3�=4) �
4

� os(�=6) os(�=3) os(2�=3) os(5�=6)sin(�=6) sin(�=3) sin(2�=3) sin(5�=6) �
5

� os(�=6) os(�=3) os(�=2) os(2�=3) os(5�=6)sin(�=6) sin(�=3) sin(�=2) sin(2�=3) sin(5�=6) �
6

� os(0) os(�=6) os(�=3) os(�=2) os(2�=3) os(5�=6)sin(0) sin(�=6) sin(�=3) sin(�=2) sin(2�=3) sin(5�=6) �
Table 2. Performance comparison among the proposed al-
gorithm, andl1-norm minimization algorithm.i �oi �pi �1i SIRLp SIRl1

1 -0.826 -0.641 3.907
2 -0.904 -0.607 10.55 4.844 3.784
3 21.45 11.92 16.17

rithm SIR of 3.784 dB.
Finally, the separation of three speech signals from two

mixtures was performed using the proposedLp-norm mini-
mization and thel1-norm minimization algorithm. The length
of the speech signals that were sampled at 8 kHz was 10000.
The mixing matrix in Table 1 forN=3 was used. In this
simulation, the switching condition of the proposed algo-
rithm for determining the parameterp was changed. For
the source that has relatively high sparsity, the parameterp
was set to 0.8, and otherwise 1.0; if the normalized kurtosis
value of the inferred source was larger than 2, the parameter
was set to 0.8. Fig. 3 shows the three original speech sig-
nals and three inferred speech signals using both algorithms
after reordering and scaling.

Three speech signals were separated from the two mix-
tures using both algorithms. The performance of the pro-
posed algorithm was about 1 dB better thanl1-norm min-
imization algorithm: the proposed achieved SIR of 4.012
dB, andl1-norm minimization algorithm SIR of 3.057 dB.

7. CONCLUSIONS

A novel method for separating underlying sources with both
sub- and super-Gaussian distributions from the underdeter-
mined mixtures is proposed. The generalized Gaussian dis-
tribution (GGD) is used to model simultaneously both sub-
and super-Gaussian distributions. The process of finding the
most probable decomposition of the mixtures based on the
GGD leads to that of minimizing theLp-norm of the esti-
mated sources that was defined newly in this paper. The
switching condition for determining the decay rate of the
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Fig. 3. The separation of three speech signals from two mix-
tures. Top row: three original speech signals. Middle row:
three inferred speech signals using the proposed algorithm.
Bottom row: three inferred speech signals using thel1-norm
minimization algorithm.

GGD is made according to the sign of the kurtosis of the in-
ferred source. Using the proposed algorithm, sources were
separated from the underdeterminedmixtures that were com-
posed of all the sub-Gaussian sources and both sub- and
super-Gaussian sources. However, thel1-minimization al-
gorithm failed to separate the sub-Gaussian sources from
those mixtures. In separation of three speech sources from
two mixtures, the proposed algorithm applied differentpi
value according to the normalized kurtosis value of the in-
ferred sourcêsi, and achieved about 1 dB better SIR than
thel1-norm minimization algorithm.

The parameterp to adjust the decay rate of the GGD
was determined by the sign of the kurtosis of the inferred
source. In order to obtain a flexible model for the source
distribution, an update routine for the source distribution is
involved. The proposed algorithm was compared to only the



l1-norm minimization algorithm and should be compared to
other underdetermined BSS algorithms in the future.
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