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Underdetermined Convolutive BSS: Bayes Risk
Minimization Based on a Mixture of Super-Gaussian

Posterior Approximation
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Abstract—This paper considers the underdetermined blind
source separation (BSS) of convolutively mixed super-Gaussian
signals that include speech, audio, and various other sparse
signals. Here, the separation is performed in three steps. In the
first and second steps, the mixing matrix and the sources at each
time–frequency location are estimated by minimizing the Bayes
risk (or the posterior risk) with squared loss. In the final third step,
the permutation alignment is conducted by considering the cor-
relation between adjacent spectral bins as in many conventional
algorithms. To overcome any computationally intractable integra-
tions involving a complex-valued super-Gaussian source prior, the
posterior distribution of the sources is approximated as a mixture
of super-Gaussians. The posterior means of the mixing matrix and
the sources are obtained with Metropolis–Hastings within Gibbs
sampling and the weighted sum of individual super-Gaussians,
respectively. Overall, this approximation leads to a separation
that is computationally lighter than and as accurate as the algo-
rithm without the approximation. The simulation results of the
synthetically generated data in a virtual room with reverberation
show that the estimates of the mixing matrix in the first step and
the sources in the second step are more accurate than the esti-
mates from the state-of-the-art algorithms in terms of the mixing
error ratio (MER) and the signal-to-distortion ratio (SDR). The
experiment was also conducted with recorded data in a real room
environment using a public benchmark dataset. Results show that
the proposed algorithm gives a better performance compared to
the state-of-the-art algorithms in terms of the SDR.
Index Terms—Bayesian estimation, blind source separation

(BSS), cocktail party problem, underdetermined convolutive
mixture.

I. INTRODUCTION

B LIND source separation (BSS), which considers the
recovery of latent sources from a number of observed

mixtures without knowing the mixing system [1], [2], [3], [4],
[5], [6], [7], has received considerable attention for its potential
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Fig. 1. Representation of an underdetermined convolutive BSS system.

applications in audio/speech enhancement and recognition,
biomedical signal analysis, and interference cancellation in
digital communications. This paper considers the separation of
convolutively mixed super-Gaussian signals when the number
of mixtures is smaller than the number of sources. Fig. 1 il-
lustrates the separation of three independent sources that are
convolutively mixed into two mixtures by an underdetermined
convolutive BSS system.
Various convolutive BSS algorithms for deconvolving and

separating mixed signals have been proposed in the past; very
often, the separation is performed in the Fourier domain to be
viewed as instantaneous BSS where the sources are assumed to
be linearly mixed [5], [14], [17], [29]. Then at each spectral bin,
independent component analysis (ICA) is often performed, after
which all separated source spectral bins are properly aligned
considering all possible permutations. This alignment is often
referred to as solving the permutation problem [8].
When the number of sources is larger than that of the mix-

tures, a source estimation algorithm more elaborate than a
simple matrix inversion is required. Of the two orthogonal
source components, the row space component is invertible
using the pseudo-inverse of the mixing matrix while the
nullspace component is noninvertible and latent. In contrast,
in the complete BSS problem where the number of sources
is equal to that of the mixtures, the source separation can be
easily performed by estimating the mixing matrix. Since there
are infinitely many solutions to the latent nullspace component
of the sources, it is common to place additional constraints on
sources, such as sparsity [7], [15], [16], [24], [30], [31], [32],
[33].
The underdetermined convolutive BSS is the most chal-

lenging task in the field of BSS. Many algorithms use sparsity
based on the observation that signals such as speech and certain
audio signals tend to be sparse in the spectral and temporal
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domains [23]. The time-frequency (T-F) masking-based al-
gorithms regarded as state-of-the-art [9], [10], [11] assume
that at most one of the sources is active at a particular T-F
point (disjoint region); however, with the increasing number of
sources, degradation in the separation performance is observed
as the number of the disjoint regions becomes scarce. This
is a limitation of the T-F masking algorithm. Furthermore,
when estimating the mixing matrix, these T-F masking-based
algorithms often rely on certain clustering techniques that are
sensitive to initialization. To avoid this reliance, the sparsity
assumption can be incorporated probabilistically where the
sources are estimated by maximizing a posteriori (MAP) as-
suming a sparse prior such as a Laplacian [12], and the mixing
matrix can be estimated based on a maximum likelihood using
an overcomplete representation instead of using the clustering
technique. In [22], the posterior distribution of the sources is
approximated as a multivariate single Gaussian that leads to
a tractable likelihood. This approximation assumes unimodal
posterior distribution; however, the actual posterior distribution
is far from unimodal.
A Bayesian algorithm that jointly estimates the sources, their

distribution parameters, and the instantaneous mixing matrix
using theMarkov chainMonte Carlo (MCMC) to overcome any
intractable integration was proposed in [20]. The algorithm’s
performance on the benchmark and the real dataset has yet to
be released, and its extension to the convolutive and under-
determined case is not obvious: for underdetermined convolu-
tive BSS, the Bayesian-based algorithm for estimating both the
sources and the mixing matrix has yet to be conceived.
In this paper, the mixing matrix of each spectral bin and the

sources are estimated one after the other by minimizing the
Bayes risk (or the posterior risk) with squared loss equivalent
to minimizing the mean squared error. When estimating the
posterior mean of the mixing matrix at each spectral bin,
Metropolis-Hastings within Gibbs sampling [34], a well-known
MCMC technique, is incorporated. The spectral coefficients
of the sources are assumed to follow a complex-valued
super-Gaussian distribution in the T-F domain and are es-
timated as the posterior mean. Last, the permutation of the
estimated sources at each spectral bin is appropriately aligned
by considering the correlation between adjacent spectral bins
as in many conventional algorithms [10], [11].
This paper makes three contributions. First, the estimation

of the mixing matrix at each frequency bin is conducted in a
Bayesian manner that minimizes the squared loss. Second, the
sources are also estimated in a Bayesian manner that minimizes
the squared loss. Third, the algorithm approximates the poste-
rior distribution of the sources as a mixture of super Gaussian
leading to computationally light (tractable) estimations without
degradation in performance.
The rest of the paper is organized as follows. Section II for-

mulates the problem of the underdetermined convolutive BSS.
Section III describes the two-step approach of the proposed al-
gorithm. Section IV presents and discusses a number of exper-
imental results. Finally, Section V concludes.

II. PROBLEM FORMULATION

A. Problem Description
The -th mixture signal at time index is given by

(1)

where and , respectively, are the -th source signal
and the impulse response from the -th source to the -th mix-
ture. Here, , , and are the number of the sources, mixtures,
and the acoustic channel length, respectively.
By applying a K-point short-time Fourier transform (STFT)

to , the following -th spectral component at time for
and is obtained as

(2)

where and are the frame shift and the window, respec-
tively. Substituting Equation (1) into Equation (2), can be
rewritten as

(3)

where and are the -th components of the K-point
discrete Fourier transform of and the K-point STFT at
time of , respectively, such that

(4)

(5)

and is the residual error. When the window length is suf-
ficiently large compared to the length of the acoustic channel
impulse response ( ), the residual error can be con-
sidered negligible. As the window length grows with the fixed
echo length, the residual error decreases. Unfortunately, it ac-
companies various factors that give rise to degradation in per-
formance. For this reason, the window length is empirically de-
termined [36].
The vector matrix form of Equation (3) can be approximated

as

(6)

where ,
and . Here, the mixing matrix at the
-th frequency bin and the source coefficients at the ( )-th

T-F point are estimated by minimizing the mean squared
error. To obtain both estimates, a number of assumptions are
made in Section II-B, and the objective functions are defined in
Section II-C.

B. Five Assumptions
This paper makes five assumptions about the sources:
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Fig. 2. Block diagram of the proposed BSS algorithm. First, the mixtures are whitened in a pre-processing step. Then, the whitened mixtures are separated
by the proposed mixing matrix estimation and the source estimation algorithm. Last, the permutation of separated sources at each spectral bin is aligned as a
post-processing step.

A11) The number of sources is known and is larger than the
number of mixtures ( ).

A12) The source STFT coefficient follows a complex-
valued super-Gaussian distribution given as

(7)

(8)

where denotes a super-Gaussian distribu-
tion with the mean, shape, and variance denoted by , ,
and , respectively. Here, is the normalization con-
stant. It is assumed , and .
When , the distribution is Laplacian, and with de-
creasing , it gives a sparser representation. In reality,
many signals including audio and speech are prone to
be sparse as most of their magnitudes have values near
zero. Super-Gaussian distribution is a distribution suit-
able for representing a wide class of signals with a dif-
ferent degree of sparsity. The phase of is assumed
to be uniformly distributed in .

A13) The sources are mutually independent of one another
such that

(9)

A14) The sequences of source coefficients are independent
and identically distributed such that

(10)

There is a correlation among the coefficients of speech
in the T-F domain, but for computational simplicity and
mathematical tractability, the correlation is ignored, and
the coefficients are assumed to be independent.

A15) Any columns from possible columns of are
linearly independent. All submatrices of
should be invertible. The sources need to be sufficiently
far apart in space to satisfy this assumption.

C. Objective
In accordance with the performance measures discussed in

Section IV-A and for mathematical tractability, the mixing ma-
trix at each spectral bin and the source coefficients are estimated

by minimizing the mean squared error in the first and second
steps, respectively. This is mathematically shown below as

(11)

and

(12)

Here, is the ensemble average over .
These are well-known minimum mean squared error

(MMSE) criteria that are equivalent to obtaining the posterior
means of the mixing matrix and the sources.

III. PROPOSED ALGORITHM

For the given STFT of the mixtures , BSS is performed
in four steps as shown in Fig. 2. Initially, is pre-processed
by whitening in the spectral domain to give , and then
the proposed algorithm estimates the mixing matrix and the
sources one after the other. Finally, the estimated time-fre-
quency source coefficients are aligned appropriately in
the post-processing step to give . Detailed descriptions of
each step are given in the following subsections. The focus of
this paper is on the Bayesian estimation of the mixing matrix
and the sources by minimizing the mean squared error. The
superscripts and of , , and will henceforth be omitted
for notational simplification.

A. Joint Probability

The mixing matrix and the source are independent; thus, the
joint probability of , , and is defined as below

(13)

where and are the priors of and , respectively,
and is the likelihood. Here, is assumed to be an
uninformative uniform prior since there is no prior information
regarding the mixing matrix. As discussed in Section II-B,
is assumed to be a super-Gaussian. When and are known,
is determined with Equation (6). Thus, the likelihood is given

as

(14)

where denotes the Dirac delta function.
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Fig. 3. Illustration of as an example. The hyperparameters of the source prior are assumed to be and . In (a), the level
curve of and are illustrated as the background and the dashed black line, respectively. In (b), the surface of which follows
an independent super-Gaussian, is shown as the background, the dashed red line indicates the set , and the solid blue line indicates ,
the intersection between and .

B. Mixture of Super-Gaussian Approximation to the Source
Posterior

Based on the joint probability defined in Equation (13) and
the well-known fact that the MMSE estimation is equivalent
to obtaining the posterior mean, the estimates of and in
Equation (11) and (12) are given, respectively, as

(15)

(16)

where can be derived using Equations (13) and (14) as

(17)

(18)

(19)

and

(20)

(21)

The posterior distribution of the sources is given
as

(22)

where . It is difficult to obtain the analytic
form of the mean of ; therefore, for mathematical
tractability, is approximated as
mixtures of complex-valued super-Gaussians to model ac-
tive sources at any given point. There are ways of

sources being active. Therefore, is approximated as the
mean of the mixture.
Consider a situation where , ,

and with ;
then for mixture , which implies ,

is a summation of two sharp peaked functions as
shown in Fig. 3. In this paper, the distribution of each source
activation is approximated as a super-Gaussian. Thus, in this
example, can be approximated with the summation
of two super-Gaussians. In [21] and [22], is approx-
imated as a single multivariate Gaussian distribution whose
mean is the global mode of . The single Gaussian
fits well around the global mode; however, the single Gaussian
does not fit other modes well.
This paper models a as the mixture

of super-Gaussians. It can be mathematically proven that
has non-differentiable local maxima lo-

cated where the components of are inactive. The
mathematical proof is given in Appendix. In this paper, each
local region surrounding the non-differentiable local modes
is approximated with a super-Gaussian. Each mixture has an
-dimensional mean that satisfies where the

components of are inactive for .
Then where is an dimensional sub-
matrix of consisting of column vectors that correspond
to the active components of , and represents
with ( ) inactive components removed. As mentioned in
A.5), is assumed non-singular, thus, can be obtained
by multiplying the inverse of as follows

(23)

For the given of dimension where with null
space and row space (range space of ), the
source vector can be decomposed into where

and . Let be an dimen-
sional matrix whose columns are the orthonormal basis vectors
of . Then where is an dimensional
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vector whose elements represent the weight to the column vec-
tors of . Thus, where and is
the Moore-Penrose pseudo-inverse matrix. Then the estimation
of boils down to the estimation of , and the
posterior probability of is given as

(24)

In this paper, the posterior probability of is approximated as a
mixture of super-Gaussians as follows

(25)

where the mixture weights are given by

(26)

and . Here, denotes a
multivariate super-Gaussian, which is a product of indepen-
dent super-Gaussians, with the mean, shape, and scale of

, , and , respec-
tively.

C. Mixing Matrix Estimation

The mixing matrix at each spectral bin is estimated by min-
imizing the mean squared error. This Bayesian estimation is
equivalent to obtaining the mean of the mixing matrix posterior.
When is approximated as a mixture of super-Gaus-
sians, can be approximated as

(27)

(28)

(29)

In [21] and [22], a single Gaussian is used to approximate
; however, this approximation leaves much to be de-

sired. As mentioned earlier and proved in Appendix,
has non-differentiable local maxima.
Obtaining the mean of as given in Equation (19)

based on Equation (29) is mathematically intractable. For
this reason, Metropolis-Hastings within Gibbs sampling and
Monte Carlo integration are used for approximating the mean
of . The pseudo-code of the proposed mixing matrix
estimation algorithm is shown in Algorithm 1. Here, and

denote the -th sample of and its -th column vector,
respectively. At each iteration, only one column vector of
is generated by the proposal distribution , while the other
column vectors of are fixed. A detailed discussion regarding

is given in Section IV-C. The generated is accepted
or rejected based on its acceptance probability. This iteration
procedure is repeated for a fixed number of times (details are
given in Section IV-C). This iterative algorithm is performed

Algorithm 1 Metropolis-Hastings within Gibbs sampling for
mixing matrix estimation

Choose: randomly.

repeat
for
Sample from proposal distribution

Calculate acceptance probability:

Sample from
if

else

end for
until

Algorithm 2 Source estimation

for :
Compute using Equation (23)
Compute using Equation (26)
end for
Compute using Equation (38)

for each spectral bin. Finally, is obtained through Monte
Carlo integration as follows

(30)

(31)

Compared to theMAP criterion used for estimating , which
is considered in [21] and [22], the proposed MMSE criterion
or equivalently the mean posterior criterion is a better crite-
rion to use since it relates directly to the performance measure,
MER (for details see Section IV-A). Furthermore, the gradient
descent method used for obtaining the MAP estimate of is
prone to fall in a local minimum, whereas the Metropolis-Hast-
ings within Gibbs sampling is a more robust technique that does
not have the problem of getting stuck in a local minimum be-
cause this technique samples the whole space of with enough
sampling.

D. Source Estimation
The spectral source coefficients are estimated by minimizing

the mean squared error in accordance with the performance
measure, the SDR (for details see Section IV-A). This Bayesian
estimation is equivalent to obtaining the posterior mean, and
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when the importance sampling technique is applied, is ob-
tained as

(32)

(33)

(34)

where , and is a
proposal distribution. Here, the approximated posterior distri-
bution defined in Equation (25) is used as the proposal distribu-
tion. For accurate estimation, a large number of samples must be
generated, which are accompanied by high computational loads.
Rather than using MCMC, can also be obtained by sub-

stituting Equation (25) directly into Equation (33). This is math-
ematically shown below as

(35)

(36)

(37)

(38)

Here, the sources are estimated without any sampling and
therefore this estimation does not require heavy computational
load. The pseudo-code of the proposed source estimation algo-
rithm is shown in Algorithm 2.

E. Pre- and Post-Processings
Whitening the mixture vectors is conducted as a pre-

processing step such that

(39)

where and . Thus,
is estimated using and finally reconstructed by multi-

plying the inverse of .
The permutation alignment is performed by clustering the

power ratios of adjacent spectral source coefficients based on
their correlation as described in [10], [11]. The focus of this
paper is onmixingmatrix and source estimations and not on per-
mutation alignment, and either [10] or [11] can be used without
much difference in performance.

IV. EXPERIMENT

A. Performance Measures
For measuring the source separation performance and the

quality of the mixing matrix estimate, we follow the evalua-
tion criteria introduced in [13] and [18]. The signal-to-distor-

Fig. 4. Room environment for synthetic convolutive mixtures.

tion ratio and the mixing error ratio are used, respectively, for
evaluation.
Mixing Error Ratio: The estimated -th column vector of

can be decomposed as

(40)

where and denote the collinear and orthogonal com-
ponents of , respectively. Note that there are columns. They
can be computed by a least squares projection. Based on the de-
composition, the -th mixing-error-ratio (MER) is defined as

(41)

For convolutive mixtures, the average MER over all spectral
bins is used for evaluation.
Signal-to-Distortion Ratio: The contribution of to

is defined by the spatial image of source on channel
such that . The estimate of
can be decomposed as

(42)

where , , and are error components
caused by spatial distortion, interference, and artifacts, respec-
tively. Each term on the right-hand side can be evaluated by a
least squares projection onto the original . The -th signal-
to-distortion ratio (SDR) defined below is used as the perfor-
mance measure for evaluating the source separation:

(43)

For the evaluation, the average SDR over all estimated sources
is used.

B. Experimental Conditions and Parameter Settings
The experiments in Sections IV-C and IV-D are conducted in

the virtual room environment illustrated in Fig. 4. The impulse
responses from the sources to the microphones are synthetically
generated by the room impulse response generator [35] with
various reverberation times and directions of the sources. The
experimental conditions and the direction angles of the sources
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TABLE I
EXPERIMENTAL CONDITIONS

TABLE II
DIRECTION ANGLES GENERATED IN THE FOUR CASES STUDIED

are enumerated in Tables I and II, respectively. Four reverber-
ation times, two types of sources, and four direction angles for
the sources are considered.
The STFT frame size, which is equivalent to the analysis

window length in Equation (3), must be determined empirically
considering the following: To reduce the residual error in Equa-
tion (3), the window length should be longer, but stretching
the window length reduces the number of samples at each fre-
quency bin to estimate the mixing matrix. In addition, when the
number of frequency bins increases, the number of possible per-
mutations increases exponentially. Considering the trade-offs
between reducing the residual error in Equation (3) and the
above-mentioned performance degradation factors, an optimum
STFT frame size is experimentally determined. Here, the best
performing window length is determined to be 2048 samples
(128 ms duration).
To verify the performance of each step, the evaluations of

the mixing matrix estimation and the source separation were
conducted independently, and the results for each evaluation are
described in the following two subsections.

C. Mixing Matrix Estimation
Given the mixtures described in Section IV-B, the mixing

matrix of the -th spectral bin is estimated for
using the proposed and conventional algorithms introduced

in [25] and [22]. The algorithm proposed in [25] estimates
the mixing matrix with single source detection and clustering
(SSDC). It detects T-F points with one active source. The
algorithm proposed in [22] estimates the mixing matrix by
approximating as a single multivariate Gaussian
whose mean is the global mode of . With Gaussian
integration, can be computed, and its maximum can
be estimated by the gradient-based method in [22]. Henceforth,
we refer to the algorithms as ‘SSDC’ and ‘ML_gradient’,
respectively.
To avoid any scaling ambiguity between the mixing matrix

and the sources, each of the two norms of the columns of is
set to a fixed value 1, and the phase of the first row components

Fig. 5. Parameter convergence of the proposed Metropolis-Hastings within
Gibbs sampling. (a) The solid and dashed lines are estimated and original
for , respectively. (b) The solid and dashed lines are the estimated
and original for , respectively. (c) The log probability values
of the estimated and original are plotted as a solid line and a dashed line,
respectively.

is also set to 0. For example, for and , the mixing
matrix is given in the following form:

(44)

Rather than directly estimating , the parameters and
for were estimated using the proposed Metropolis-
Hastings within Gibbs sampling. The details of the settings were
as follows: (1) for fast convergence, the initial value was
set by the algorithm introduced in [25]; (2) the proposal distri-
bution was set as a multivariate Gaussian distri-
bution with the mean vector and the covariance matrix defined
as and , respectively, where decays ex-
ponentially with each iteration (increase in index ); (3) was
set to 500 and 2000 for and , respectively; (4) the
shape and scale parameters of the source prior were fixed to

and , respectively; and (5) for two sets of fe-
male and male speech sources included in the dataset described
in [13], 10 runs of Monte Carlo were performed for each speech
source.
In Fig. 5, a particular run of the proposed Metropolis-Hast-

ings within Gibbs sampling for an arbitrary spectral bin index is
shown. As shown, the parameters of converged to the true
values after 150 iterations. Fig. 6 illustrates the averaged MER
over the 10 Monte Carlo runs. As shown, the proposed algo-
rithm performed the best for all cases in terms of the MER, and
the average MER improvements of 4.88 dB, 2.54 dB, 1.27 dB,
and 0.65 dB over the ‘ML_gradient’ for ms, 130 ms,
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Fig. 6. Experimental results in Section IV-C. The average MER is compared in the various cases of the source location, the number of microphones and sources
, and the reverberation time described in Tables I and II. ‘ML_gradient’, ‘SSDC’, and ‘SiSEC’ denote the algorithms introduced in [22], [25], and [13],

respectively.

TABLE III
COMPUTATIONAL TIME FOR MIXING MATRIX ESTIMATION

250 ms, and 380 ms respectively, are observed for the proposed
algorithm.
Compared to the ‘ML_gradient’ algorithm, the proposed al-

gorithm approximated better since the algorithm con-
siders all non-differentiable local modes. In addition, the es-
timator that uses MCMC in the proposed algorithm provided
a better performance than the estimator that uses the gradient-
based method in the ‘ML_gradient’ algorithm, since it explores
the entire domain of . Compared to the ‘SSDC’ algo-
rithm, the proposed algorithm performed better since it con-
siders the active number of sources at each T-F point rather
than one as in the ‘SSDC’ algorithm.
All algorithms were coded in MATLAB and executed on the

Intel(R) Core(TM) i5-3570 CPU 3.4 GHz. The average compu-
tational times for the cases that
are enumerated in Table III.

D. Source Estimation

Given the mixtures described in Section IV-B, the -th
source coefficients for and
were estimated by the proposed algorithm and conventional al-
gorithms including the -norm minimization proposed in [19]
and the binary masking proposed in [15]. The links to the codes
of these conventional algorithms are provided in [28].
In the experiment, the sources were estimated with the true
for as in [12] and [27], and the hyper-

parameters of the source prior were set to be the same as in the
experiment described in Section IV-C. To estimate for

for a particular , the -th row components of
were set to 1 such that . For this ex-

periment, the permutation error is assumed nil.
In Fig. 7, the SDR performances of the proposed and conven-

tional algorithms are compared. The average SDR was adopted
as a performance measure of the source estimation. As shown
in Fig. 7, the proposed algorithm performs best in all cases ex-
cept when the reverberation time is longer than ms. Irre-
spective of the reverberation time, the binary masking algo-
rithm produced a steady estimation result. On the other hand,
the proposed and the -norm minimization algorithm tended to
perform better than the binary masking algorithm when the re-
verberation time was low. Compared to the -norm minimiza-
tion algorithm, the proposed algorithm tends to perform slightly
better in all cases. When ms, 130 ms, 250 ms, the
proposed algorithm produced average SDR improvements of
0.35 dB, 0.39 dB, and 0.69 dB over the -norm minimization
algorithm which performed the best among the conventional al-
gorithms. When ms, the binary masking algorithm
was slightly better than the proposed algorithm by an average
SDR improvement of 0.08 dB over all cases.
Compared to the -norm minimization algorithm that also

assumes super-Gaussian sources and performs source estima-
tion based on the MAP criterion, the proposed algorithm per-
formed better in terms of SDR for all situations tested. The
sources were estimated by minimizing the mean squared error,
which is directly related to the evaluation criterion.
Compared to the binary masking algorithm, the proposed al-

gorithm performed better in all cases except when
ms. The main reason for the slight performance degradation

in a highly reverberant condition is the increase in the residual
error in Equation (3). Although only one source activation is as-
sumed for each T-F point, the binary masking algorithm treats
the residual error as a random variable. On the other hand, the
proposed algorithm considers the residual error negligible, and
it gave a similar or slightly lower performance than the binary
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Fig. 7. Experimental results in Section IV-D. The average SDR is compared by varying the source locations described in Table II, the number of microphones
and sources , and the reverberation time. ‘Bin mask’ and ‘ -norm min’ denote the binary masking and the -norm minimization algorithms, respectively.

TABLE IV
COMPUTATIONAL TIME FOR SOURCE ESTIMATION

masking algorithm in a highly reverberant condition such as
ms.

The proposed and the comparison algorithmswere also coded
in MATLAB and executed on the same CPU as in Section IV-C.
The average computational times for the cases that

are enumerated in Table IV. The execution
time of the proposed algorithm is roughly two to three times that
of the -norm minimization algorithm and three to five times
that of the binary masking algorithm.
Another experiment for verifying the loss of performance

caused by the proposed approximation to was
also conducted. The integration in Equation (21) can be
approximated with the Monte Carlo integration derived in
Equation (34). It is clear that the Monte Carlo integration
gives an exact approximation as the number of samples goes to
infinity. In this experiment, the average SDRs of the sources
estimated by the Monte Carlo integration with various number
of samples of were evaluated and compared with the proposed
algorithm.
The experiment was conducted for various numbers of

sources and mixtures as
. 1000 independent source coefficient vectors that follow

complex-valued super-Gaussian defined in Equation (8) were
generated, and the complex-valued mixing matrices were
randomly generated. 1000 mixture coefficient vectors were
generated by multiplication of the source coefficient vectors
and each mixing matrix, and the source coefficient vectors for
each mixing matrix were estimated by the proposed approxi-
mation in Equation (34) and the Monte Carlo integration with

known and source prior parameters. 100 Monte Carlo trials
were performed for each case of .
The experimental results are shown in Table V. For each

value of , the SDR was obtained by averaging over 100
randomly generated mixing matrices. The Monte Carlo integra-
tion was achieved with different numbers of samples . For

, the Monte Carlo integrations were
calculated, and their SDRs were compared to the proposed al-
gorithm. As shown, the performance of the Monte Carlo inte-
gration tended to increase as increased. The proposed algo-
rithm also gave a similar performance as the Monte Carlo in-
tegration for large number of samples ; how-
ever, the Monte Carlo integration needs multiplications and
summations for source estimation. In contrast, the proposed al-
gorithm needs only multiplications and summations for
source estimation. Therefore, the proposed algorithm efficiently
estimated the posterior mean of the sources without loss of per-
formance.

E. SiSEC Dataset
The performance of the entire BSS algorithm shown in

Fig. 2 was compared to those of the bin-wise clustering al-
gorithm [11] and the weighted interleaved ICA [26], which
are state-of-the-art in terms of the average SDR1, using a
well-known benchmark dataset organized in the Signal Sepa-
ration Evaluation Campaign (SiSEC 2011) [28]. In particular,
the first and third development datasets in “Underdetermined
speech and music mixtures” that include 28 different sets of
live recorded mixtures with varying source type, reverberation
time, and microphone spacing were used. Here, we used 12 sets
of mixtures of female and male speech sources obtained from
an array of microphones with 5 cm spacing.
The experimental results are enumerated in Table VI. As

shown in Table VI, the proposed algorithm performed best in
10 sets of mixtures and on average provides 0.46 dB, 0.28 dB,

1The results provided on the SiSEC 2011 website are used.
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TABLE V
AVERAGE SDRS OF THE PROPOSED ALGORITHM AND THE MONTE CARLO INTEGRATIONS ARE COMPARED IN VARIOUS .

TABLE VI
SDR EVALUATION OF SISEC 2011 DATASET

Fig. 8. Average SDRs of the proposed, -norm minimization, and bi-
nary masking algorithms as a function of the angular distances between
sources. (a) ms (b) ms (c) ms
(d) ms.

and 0.36 dB SDR improvements compared to the best result of
the other algorithms in the cases that , (2,4), and
(3,4), respectively. The result and wave files of the separated
signals are available at http://sisec2013.wiki.irisa.fr.

F. Performance Dependence on the Angular Distance Between
Sources
The experiment with was conducted to deter-

mine the dependency of the performance on the angular distance
between sources. In the experiment, the mixtures were syntheti-
cally generated with various reverberation times ( ms,

130 ms, 250 ms, and 380 ms) in the room environment de-
scribed in Fig. 4. The microphones were positioned as described
in Fig. 4: The distance from the sources to the center of the mi-
crophone pair was fixed at 1 m. The direction angles of the three
sources , , and were changed
as .
The average SDRs of the proposed, -norm minimization,

and binary masking algorithms for estimating the sources with
four different reverberation times are depicted in Fig. 8. As
the angular distances between the sources decreased, the av-
erage SDRs of all algorithms were commonly degraded, and
with increasing reverberation time, the performance degrada-
tion was more pronounced. The proposed algorithm performed
best when at ms, at ms,

at ms, and at ms. The
performance of the binary masking algorithmwas slightly better
than the proposed algorithm when at ms,

at ms, and at ms.

V. CONCLUSION

In this paper, an underdetermined blind separation algorithm
for convolutively mixed super-Gaussian sources is proposed.
The mixing matrix at each spectral bin and the sources are esti-
mated based on minimizing Bayes risk with squared loss which
is equivalent to MMSE. The posterior means of the mixing
matrix at each spectral bin and the sources are obtained with
Metropolis-Hastings within Gibbs sampling and the weighted
sum of individual super-Gaussians, respectively. The posterior
distribution of the sources whose time-frequency components
follow the complex-valued super-Gaussian prior is approxi-
mated as a mixture of super-Gaussians. This approximation
resolves any intractable integrations in both estimates of the
mixing matrix and the sources and allows for a more efficient
computation without loss of performance. Experiments were
conducted in various environments, and results show that the
proposed algorithm gives best performance in terms of the
MER and SDR.
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APPENDIX
NON-DIFFERENTIABLE LOCAL MAXIMA

Let us assume that the mixing matrix and the mixture
are known and the parameters of the super-Gaussian prior and
are fixed. Here, the log probability of given and ,

is given as

(45)

(46)

Theorem 1: has non-differentiable local minima at
for .

Proof: The difference between the function values of
and its neighborhood can be derived as

(47)

(48)

where . As the intervals of all
dimensions of approach zeros, is
positive:

(49)

Thus, has non-differentiable local minima at for
.
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